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We show that the cosmic birefringence and miscalibrated polarisation angles can be
determined simultaneously by cosmic microwave background (CMB) experiments using
the cross-correlation between E- and B-mode polarisation data. This is possible because
polarisation angles of the CMB are rotated by both the cosmic birefringence and mis-
calibration effects, whereas those of the Galactic foreground emission only by the latter.
Our method does not require prior knowledge of the E- and B-mode power spectra of
the foreground emission, but uses only the knowledge of the CMB polarisation spec-
tra. Specifically, we relate the observed EB correlation to the difference between the
observed E- and B-mode spectra in the sky, and use different multipole dependence of
the CMB (given by theory) and foreground spectra (with no assumption) to derive the
likelihood for the miscalibration angle α and the birefringence angle β. We show that
a future satellite mission similar to LiteBIRD can determine β with a precision of ten
arcminutes.
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1. Introduction
Cross-correlation between E- and B-mode polarisation of the cosmic microwave background
(CMB) is sensitive to parity-violating physics in the Universe. One of the physical effects,
known as “cosmic birefringence” [1–4], rotates CMB polarisation angles as CMB photons
c© The Author(s) 2012. Published by Oxford University Press on behalf of the Physical Society of Japan.
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propagate to us since last scattering at z ≈ 1100 via, e.g., a Chern-Simons coupling between
a light scalar field and the electromagnetic tensor [1].
However, this effect is degenerate with an artificial rotation of polarisation angles by mis-
calibration of the orientation of the instrument [5]. If we use the observed cosmological EB
correlation to solve for the miscalibration angle α [6], we may run into two issues: (1) we
lose sensitivity to the cosmic birefringence angle β; and (2) we would infer a wrong value of
α if there were non-vanishing β. In this paper, we mitigate this issue by using the polarised
Galactic foreground emission. Polarisation of the Galactic foreground is insensitive to the
cosmic birefringence effect because of a limited propagation length of photons. We can distin-
guish between α (affecting both CMB and foreground) and β (affecting only CMB) using the
different multipole dependence of the CMB and Galactic foreground polarisation power spec-
tra. This is possible because the observed EB correlation is related to the difference between
the observed E- and B-mode power spectra of the sky (including CMB and foreground) [7],
and we know the CMB power spectra well; thus, we can simultaneously determine α and β
without prior knowledge of the foreground polarisation power spectra.
Throughout this paper, we shall assume that β is uniform over the sky, as this is the case
that is degenerate with α. There are physical mechanisms to produce spatially-varying β
[8–12], which can be estimated from CMB polarisation data with a suitable estimator [13].
See refs. [14–16] for the current constraints on spatially-varying β.
The rest of the paper is organised as follows. In Sect. 2 we describe our methodology for
evaluating the posterior distribution of α and β. In Sect. 3 we validate our method using
sky simulations, and present the main results. We conclude in Sect. 4.
2. Methodology
2.1. Relating the observed EB to the observed EE −BB
When polarisation angles are rotated uniformly over the sky by an angle α, spherical har-
monics coefficients of the observed E- and B-mode polarisation, denoted by “o”, are related
to the intrinsic ones by1
Eo`,m = E`,m cos(2α)−B`,m sin(2α),
Bo`,m = E`,m sin(2α) +B`,m cos(2α).
(1)
Throughout this paper, we shall adopt the notation that all spherical harmonics coefficients
and power spectra have been multiplied by the appropriate beam transfer functions, unless
noted otherwise.
In this paper, we shall work with full-sky data without a mask, as we do not wish to
remove the Galactic foreground. Our method can be adopted straightforwardly to work in
fractions of the sky (e.g., ground-based experiments), or with masks.
1 In this paper we do not discuss the TB correlation but focus only on the EB correlation, since a
large cosmic variance in T makes TB less sensitive than EB to α and β when the instrumental noise
is sufficiently low to measure B. In any case, it is straightforward to extend our method to include
TB.
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Defining the power spectra as CXY` = (2`+ 1)
−1∑`
m=−`X`,mY
∗
`,m, we obtain [2–4]
CEE,o` = C
EE
` cos
2(2α) + CBB` sin
2(2α)− CEB` sin(4α), (2)
CBB,o` = C
EE
` sin
2(2α) + CBB` cos
2(2α) + CEB` sin(4α), (3)
CEB,o` =
1
2
(
CEE` − CBB`
)
sin(4α) + CEB` cos(4α). (4)
Using Eq. (2) and (3) in Eq. (4), we find
CEB,o` =
1
2
(
CEE,o` − CBB,o`
)
tan(4α) +
CEB`
cos(4α)
. (5)
This result was first derived in ref. [7] except for the EB term. We can use Eq. (5) to solve
for α with no assumption about the intrinsic CEE` − CBB` . Then, we no longer have to worry
about a bias in α induced by incorrect modelling of the intrinsic CEE` − CBB` , which was
studied in ref. [17].
Next, we include the cosmic birefringence angle β and noise (“N”), and write separately
the foreground (“fg”) and CMB (“CMB”) components. We obtain
Eo`,m = E
fg
`,m cos(2α)−Bfg`,m sin(2α) + ECMB`,m cos(2α+ 2β)−BCMB`,m sin(2α+ 2β) + EN`,m,
(6)
Bo`,m = E
fg
`,m sin(2α) +B
fg
`,m cos(2α) + E
CMB
`,m sin(2α+ 2β) +B
CMB
`,m cos(2α+ 2β) +B
N
`,m.
(7)
From these coefficients, we can relate CEB,o` to C
EE,o
` − CBB,o` as(
CEB,o` −
tan(4α)
2
(
CEE,o` − CBB,o`
))
cos(4α) =
(CEE,CMB` − CBB,CMB` ) sin(4β)/2
− (CEE,N` − CBB,N` ) sin(4α)/2
+ CEB,fg` + C
EB,N
` cos(4α) + C
EB,CMB
` cos(4β)
+ (CE
fgBCMB
` + C
ECMBBfg
` ) cos(2β) + (C
EfgECMB
` − CB
fgBCMB
` ) sin(2β)
+ (CE
fgBN
` + C
ENBfg
` ) cos(2α)− (CE
fgEN
` − CB
fgBN
` ) sin(2α)
+ (CE
CMBBN
` + C
ENBCMB
` ) cos(2α− 2β)
− (CECMBEN` − CB
CMBBN
` ) sin(2α− 2β) .
(8)
If we divide throughout by cos(4α), then among these terms the following do not vanish
upon ensemble average:
〈CEB,o` 〉 =
tan(4α)
2
(
〈CEE,o` 〉 − 〈CBB,o` 〉
)
+
sin(4β)
2 cos(4α)
(
〈CEE,CMB` 〉 − 〈CBB,CMB` 〉
)
+
1
cos(4α)
〈CEB,fg` 〉+
cos(4β)
cos(4α)
〈CEB,CMB` 〉 .
(9)
The last term, 〈CEB,CMB` 〉, is the intrinsic EB correlation at the last scattering surface. This
term could arise from, e.g., chiral gravitational waves [2, 18, 19], anisotropic inflation [20],
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etc. We can measure this signal if its multipole dependence is sufficiently different from that
of 〈CEE,CMB` 〉 − 〈CBB,CMB` 〉 [21]. Therefore, we shall focus on the cosmic birefringence term
and ignore 〈CEB,CMB` 〉 throughout this paper without loss of generality.
For the moment, we shall also assume that the ensemble average of the intrinsic EB cor-
relation of the foreground emission vanishes over the full sky, i.e., 〈CEB,fg` 〉 = 0. Of course, a
non-zero EB arises from a statistical fluctuation in one realisation of our sky. The question is
whether a EB correlation is statistically significant compared to the cosmic-variance uncer-
tainty. The current data show no evidence for non-zero EB correlation from the foreground
emission [22, 23]; however, it is still possible that more sensitive future experiments may find
a statistically-significant EB correlation in the foreground. We shall show how to deal with
this term in Sect. 4.
2.2. Likelihood analysis
We determine α and β by fitting CEB,o` with C
EE,o
` − CBB,o` and CEE,CMB` − CBB,CMB` using
Eq. (9). To this end, we use a likelihood analysis. The log-likelihood function is given by
− 2 lnL =
`max∑
`=2
[
CEB,o` − tan(4α)2
(
CEE,o` − CBB,o`
)
− sin(4β)2 cos(4α)
(
CEE,CMB` − CBB,CMB`
)]2
Var
(
CEB,o` − tan(4α)2
(
CEE,o` − CBB,o`
)) .
(10)
The expression of variance in the likelihood is given in Appendix A. As we do not
know the CEE,CMB` and C
BB,CMB
` realised in our sky, we replace them by the best-
fitting ΛCDM theoretical power spectra multiplied by the beam transfer functions,
i.e., CEE,CMB,th` b
2
` and C
BB,CMB,th
` b
2
` , respectively. In principle, we could marginalise
the likelihood over the difference between CXX,CMB` and C
XX,CMB,th
` by adding[
(CXX,CMB` − CXX,CMB,th` b2` )2(2`+ 1)/(2CXX,CMB,th` b2` )2
]
with X = E or B. In practice, we
find that marginalisation has little effect on the uncertainty of α and β.
We minimise Eq. (10) with respect to α and β, given CEB,o` ,
(
CEE,o − CBB,o), CEE,CMB,th` ,
and CBB,CMB,th` . Assuming flat priors on α and β, the likelihood gives the posterior
distribution of α and β.
3. Results
3.1. Sky simulations
To validate our methodology, we use the “PySM” package [24] to produce realistic simula-
tions of the microwave sky, with an experimental specification similar to the future satellite
mission LiteBIRD [25]. Specifically, we include the polarised Galactic foreground emission
(“s1” synchrotron model and “d1” dust emission, as described in ref. [24]), a CMB map
generated from the power spectra based on CAMB [26], and white noise with standard devi-
ation given by σN = (pi/10800)(w
−1/2
p /µK arcmin) µK str−1/2 [27] with w
−1/2
p given in the
“Polarisation Sensitivity” column of Table 1.
We use the HEALPix package [28] to generate maps with the resolution parameter Nside =
512. To incorporate beam smearing, the spherical harmonics coefficients of the CMB and
foreground maps at each frequency are multiplied by a beam transfer function, b`, for which
we assume a Gaussian beam with full-width-at-half-maximum (FWHM) given in the third
column of Table 1. We calculate the power spectra up to `max = 2Nside = 1024.
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Table 1: Polarisation sensitivity and beam size of the LiteBIRD telescopes [25]
Frequency (GHz) Polarisation Sensitivity (µK
′
) Beam Size in FWHM (arcmin)
40 37.5 69
50 24.0 56
60 19.9 48
68 16.2 43
78 13.5 39
89 11.7 35
100 9.2 29
119 7.6 25
140 5.9 23
166 6.5 21
195 5.8 20
235 7.7 19
280 13.2 24
337 19.5 20
402 37.5 17
All of the results reported below will be derived from one realisation of the CMB, which is
common to all frequencies, and one realisation of noise generated at each frequency. We do
not generate many different realisations, since the foreground emission is always common to
those realisations and thus the uncertainty derived from the ensemble will miss the cosmic-
variance contribution of the foreground emission. In our likelihood (Eq. 10), this foreground
cosmic-variance contribution is included in the variance term in the denominator, which is
derived in Appendix A. We have checked that the foreground EB correlation in the PySM
simulations is consistent with zero within the cosmic variance.
3.2. Uncertainties on α and β
First, we report the results with no cosmic birefringence by setting β = 0 in the simulation
and fitting only α in the likelihood2 .
In Figure 1, we show that our method recovers correctly the input values of αin from −3◦
to 3◦ in all frequency bands to within the uncertainties. We show the 1-σ uncertainties,
σ(α), in the second column of Table 2 in units of arcminutes. The smallest uncertainty is
σ(α) = 1 arcmin, which is achieved at 119 and 140 GHz.
Next, we determine α and β simultaneously. We show two representative results: (1) with
the input miscalibration angles, αin, varied from −3◦ to 3◦ while βin = 0 (Figure 2); and
(2) with the input birefringence angles, βin, varied from −3◦ to 3◦ while αin = 0 (Figure 3).
We find that our method recovers correctly the input values of αin and βin in all frequency
bands to within the uncertainties.
2 When the foreground and the angle miscalibration are ignored, we can interpret α as the bire-
fringence angle. See, e.g., refs. [29–34] and references therein for forecasts of the capability of future
experiments to constrain the birefringence angle in this simplest case.
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Fig. 1: Recovery of the miscalibration angle α in the absence of the cosmic birefringence (i.e., with β = 0).
Each panel shows the recovered values of αout (red dots with error bars, in units of degrees) against
the input values αin for 6 frequency bands out of 15 specified in Table 1.
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Fig. 2: Simultaneous determination of α and β with the input values αin varied from −3◦ to 3◦ and βin = 0.
Each panel shows the recovered values of αout (red dots with error bars, in units of degrees) against
αin. The blue stars with error bars show the recovered values of βout at each αin.
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Fig. 3: Simultaneous determination of α and β with the input values αin = 0 and βin varied from −3◦ to
3◦. Each panel shows the recovered values of βout (blue stars with error bars, in units of degrees)
against βin. The red dots with error bars show the recovered values of αout at each βin.
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Table 2: Marginalised 1-σ uncertainties on α and β from the experimental specifications given in Table 1.
The input values are αin = 0 and βin = 0
Frequency (GHz)
α only case (arcmin) α and β (arcmin)
σ(α) σ(α) σ(β)
40 8.3 16 70
50 6.3 17 31
60 4.9 20 25
68 3.6 22 24
78 2.6 21 22
89 1.9 19 20
100 1.2 17 17
119 1.0 15 15
140 1.0 12 13
166 1.2 11 12
195 1.5 9.6 11
235 2.4 8.4 12
280 4.6 8.3 26
337 4.7 7.5 76
402 4.4 7.0 4.1× 102
We give the marginalised 1-σ uncertainties, σ(α) and σ(β), in the third and fourth columns
of Table 2 in units of arcminutes. The smallest σ(β) is 11 arcmin at 195 GHz (where σ(α)
is 9.6 arcmin). Simultaneous determination of α and β increases the uncertainties on α
significantly at all frequency bands.
The angles α and β are expected to be correlated in any fit. When the power spectrum
data are dominated by the CMB, we can only determine a linear combination α+ β. On the
other hand, when the data are dominated by the Galactic foreground emission, we can only
determine α. Therefore, the foreground helps to break degeneracy between α and β, allowing
us to determine them simultaneously. We show this in Figure 4. The cosmic birefringence
angle β is poorly constrained in the foreground-dominated frequency bands (lowest and
highest frequencies) relative to the miscalibration angle α , whereas the degeneracy given by
α+ β (dotted lines) is broken in between. Since α+ β is constrained tightly by the CMB,
adding the foreground yields similar uncertainties on both α and β. In other words, the
accuracy of β is determined by the accuracy of α provided by the foreground emission.
This method can be applied not only to experiments focused on the CMB, but also to
calibrate polarisation angles of other experiments focused on the foreground emission, such
as those observing at lower and higher frequencies. When applied to low frequency data,
it is straightforward to extend our method to incorporate the effect of Faraday rotation on
average by rotating the foreground polarisation angle by an additional angle γ ∝ ν−2, i.e.,
α→ α+ γ. Accurate subtraction of the Faraday rotation requires estimation of rotation
angles per pixel rather than the full-sky average (see, e.g., refs. [34, 35] and references
therein).
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Fig. 4: Joint constraints on α (horizontal axis) and β (vertical axis) in units of degrees, from the experimental
specifications given in Table 1. We show only 6 frequency bands out of 15. The contours show
∆(−2 lnL) = 2.30 (68.3% CL) and 6.17 (95.4% CL). The input values are αin = 0 and βin = 0.5◦.
The black dotted lines show α+ β = 0.5◦.
Finally, it is possible to combine all frequency bands to obtain the best estimate of β with
the smallest uncertainty. To perform such an analysis, however, we must take into account
the covariance between different frequency bands. While the instrumental noise is expected
to be uncorrelated to a good approximation, both the CMB and foreground emission are
highly correlated across different frequency bands. We leave the computation of the full
likelihood combining all frequency bands to future work.
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4. Discussion and Conclusions
In this paper, we have shown that it is possible to determine the cosmic birefringence and
miscalibrated polarisation angles simultaneously from the observed EB cross-correlation
power spectrum, contrary to what has been usually assumed in the literature. The idea
behind our method is simple: the miscalibration angle α affects both CMB and the Galactic
foreground emission, whereas the cosmic birefringence angle β affects only CMB.
The key observation is that the EB correlation induced by the angle miscalibration is
related to the difference between the observed EE and BB power spectra on the sky, as
shown by ref. [7]. We can then use accurate knowledge of the CMB polarisation power
spectra from the best-fitting ΛCDM model to separately constrain α and β. To this end we
have derived the likelihood function given in Eq. (10), which yields the posterior distribution
of α and β given the observational data and the best-fitting CMB model.
Applying our method to simulated maps including realistic foreground emission [24] and
CMB as well as instrumental noise and beam smearing similar to the future CMB mis-
sion LiteBIRD [25], we find that the method successfully recovers the input values of α
and β simultaneously, with the minimum uncertainty on the cosmic birefringence being
σ(β) = 11 arcmin at 195 GHz. Therefore, CMB experiments are capable of constraining
parity-violating physics even when we use the EB correlation to self-calibrate polarisation
angles as proposed by ref. [6].
So far we have assumed that the intrinsic EB correlation of the foreground emission
vanishes when measured over the full sky, i.e., 〈CEB,fg` 〉 = 0 in Eq. (9). Let us now address
the impact of a possible EB signal from the foreground. To model this, one could write
〈CEB,fg` 〉 = fc
√
〈CEE,fg` 〉〈CBB,fg` 〉 as in ref. [17]. As the foreground EE and BB power spectra
are similar [23], let us write the BB spectrum as 〈CBB,fg` 〉 = ξ〈CEE,fg` 〉, where ξ is for example
equal to 〈ABB/AEE〉 ≈ 0.5 for thermal dust emission [23]. Then we have
〈CEB,fg` 〉 =
fc
√
ξ
1− ξ
(
〈CEE,fg` 〉 − 〈CBB,fg` 〉
)
. (11)
This result can be put into the same form as in the angle miscalibration, if we introduce
a new angle γ and write sin(4γ)/2 = fc
√
ξ/(1− ξ), with 0 ≤ 2fc
√
ξ/(1− ξ) ≤ 1. Therefore,
the foreground emission is now rotated by α(ν) + γ(ν), whereas the CMB is rotated by
α(ν) + β. Here, ν denotes an observing frequency band. We then use the difference between
the multipole dependence of the foreground and the CMB to determine β − γ(ν); thus, we
need to give up measuring β if we use only one frequency band. Fortunately, as the cosmic
birefringence effect is independent of frequency, we can distinguish between β and γ(ν) using
multi-frequency data.
While we have calculated the expected uncertainties on α and β from the future satellite
mission LiteBIRD, we can use the same formalism to calculate those from ground-based
and balloon-borne experiments. This new framework allows us to enhance our ability to
constrain parity-violating physics from the CMB polarisation data.
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A. Variance in the likelihood
In this section, we derive the variance of CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2 needed in the
denominator of Eq. (10).
Using the definition of the power spectrum CXY` = (2`+ 1)
−1∑
mX`,mY
∗
`,m and assum-
ing Gaussianity, i.e., 〈X`,mY ∗`,mX ′∗`,m′Y ′`,m′〉 = 〈CXY` 〉〈CX
′Y ′
` 〉+ 〈CXX
′
` 〉δmm′〈CY Y
′
` 〉δmm′ +
〈CXY ′` 〉δm−m′〈CX
′Y
` 〉δm−m′ , we obtain
Var
[
CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2
]
=
〈[
CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2
]2〉− 〈CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2〉2
=
1
2`+ 1
〈CEE` 〉〈CBB` 〉+
tan2(4α)
4
2
2`+ 1
(〈CEE` 〉2 + 〈CBB` 〉2)
− tan(4α) 2
2`+ 1
〈CEB` 〉
(〈CEE` 〉 − 〈CBB` 〉)+ 12`+ 1 (1− tan2(4α)) 〈CEB` 〉2. (A1)
Here, 〈CXY` 〉 is the sum of all terms including the CMB, foregrounds, and instrumental noise.
Since we make no assumption about the foreground power spectra, we shall approxi-
mate 〈CXY` 〉 with the observed spectra, CXY,o` . This is a reasonable approximation at high
multipoles, where we have enough statistics. The fitting results are also dominated by the
information at high multipoles. However, we find that the last term in Eq. (A1) causes a
problem: as the observed EB spectrum oscillates around zero due to the smallness of the
signal (if any) and the large scatter from cosmic variance, squaring it yields a biased estimate
of the variance. Fortunately this term makes only a sub-dominant contribution to the total
variance; thus, we shall ignore it from now on. The final formula is then
Var
[
CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2
]
≈ 1
2`+ 1
CEE,o` C
BB,o
` +
tan2(4α)
4
2
2`+ 1
[
(CEE,o` )
2 + (CBB,o` )
2
]
− tan(4α) 2
2`+ 1
CEB,o`
(
CEE,o` − CBB,o`
)
.
(A2)
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